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Abstract
We investigate a mechanism for producing double-lows and double-highs in the semi-diurnal tide by selective amplification of
higher harmonics in a resonant gulf. A double lowwater is observed at Providence, RI, near the head of Narragansett Bay on days
when there is a flattening of the low water tidal curve at Newport, at the mouth of the bay. The flattening is caused by an
unusually large quarter-diurnal component to the tide at Newport. The quarter diurnal component has the right phase (amaximum
close to the time of the minimum in the semi-diurnal tide) to produce a prolonged flattening of the tidal curve around low water.
The natural period of Narragansett Bay (for quarter-wavelength resonance) is close to 4 h and the quarter diurnal tide is amplified,
relative to the semi-diurnal tide, within the bay. The selective amplification of the higher harmonic further prolongs the flattening
effect at Providence and, occasionally, is sufficient to create a double low water at the head of the bay from quarter and semi-
diurnal tides alone. More often, though, a sixth-diurnal harmonic produced within the bay, added to the flattened low water at
Providence, creates the double low water. This mechanism of selective amplification of tidal harmonics could be relevant to
double tides elsewhere.
Keywords Tides . Estuary . Double highwater . Selective resonance of harmonics
Introduction
Double-high and double-low waters in the semi-diurnal tide
are an unusual feature of sea level observations. In the case of
a double low water, sea level falls to a first low tide, rises for a
short while and then falls to a second low water before finally
rising to a single high tide. Known cases occur at Portland,
Dorset in England and Providence, Rhode Island, in the USA,
the latter being the subject of this paper; doubtless, more ex-
amples are waiting to be discovered. The analogous phenom-
enon of a double high water is the mirror image of a double
low. The best known example, with a long history of scientific
study, is found at Southampton on the south coast of England
(Airy 1843; Doodson and Warburg 1941; Pugh 1987).
The double low water at Providence in Narragansett Bay,
RI, was first recorded as early as 1892 (Harris 1907) and
reported by Redfield (1980). Although Redfield’s monograph
is generally very good at providing physical explanations of
tidal phenomena in the area, it does not go into the details of
the double low water at Providence. The essential ingredient
needed to produce a double high or double low water (or, for
brevity’s sake, a double tide) is an oscillation in sea level with
the right amplitude and phase and with a higher frequency
than the semi-diurnal tide. The higher frequency oscillation
can be a higher harmonic (also called an overtide) of the main
tidal constituents, created by the action of friction or shallow
water on the tidal streams, or, in a semi-enclosed sea it can be a
seiche produced by the tide itself (Bowers et al. 2013) or by
some other mechanism. In order to create a double tide, the
phasing must be right. For a double low water, the higher-
frequency oscillation must have a peak at the time of, or very
close to, the minimum in the semi-diurnal tide. In addition, the
amplitude of the oscillation must satisfy the condition
(Doodson and Warburg 1941)
b
a
>
1
n2
ð1Þ
where b is the amplitude of the higher frequency oscillation, a
the amplitude of the semi-diurnal tide and n is the ratio of their
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frequencies. The reason that double tides are so rare is that this
condition is difficult to satisfy (although not so difficult as
previously thought (Woodworth 2017)). For example, for a
quarter diurnal harmonic with n = 2, the amplitude b must be
¼ that of the semi-diurnal tide. It is unusual, in the open sea,
for higher harmonics to exceed a small percentage of the am-
plitude of the parent semi-diurnal tide. Furthermore, the ratio
of amplitudes has to exceed the critical value by quite a mar-
gin to produce a double tide that satisfies a visual inspection.
To illustrate this point, we have drawn, in Fig. 1, the tidal
curves produced by quarter- and semi-diurnal tides with two
values of b/a and perfect phasing for a double low water. A
value of b/a = 0.25 produces a flattening of the tidal curve at
low water, but no double tide; the higher b/a ratio of 0.4
creates a clear double low water. We will return to this point
later in the text, using these particular values of 0.25 and 0.4
for b/a to illustrate the formation of a clear double tide.
One way to increase the ratio b/a is to reduce the amplitude
of the semi-diurnal tide relative to that of the higher harmonic.
A good hunting ground for double tides is therefore near an
amphidrome in the semi-diurnal tide. Southampton, for exam-
ple, lies close to the nodal line for the semi-diurnal tide in the
English Channel. At Port Ellen in Scotland, the main lunar and
solar semi-diurnal tides have about the same amplitude: the
semi-diurnal tide becomes very small twice each month and a
double high water is formed at these times (Byrne et al. 2017).
Alternatively (and this is the possibility we wish to assess in
this paper), the b/a ratio can be increased by enhancing the
amplitude of the harmonic while maintaining that of the semi-
diurnal tide at about the same level. When a semi-enclosed
sea, or gulf, is forced at the mouth with a regular oscillation in
sea level, the oscillation in the gulf is amplified to an extent
which depends on how close the period of the oscillation is to
the natural period of the gulf (Taylor 1921; Prandle 1991;
Friedrichs 2010). If we take a gulf with a resonant period
closer to 6 h than 12 and force it with a semi-diurnal tide
and a quarter-diurnal harmonic there will be a greater ampli-
fication of the quarter-diurnal oscillation than the semi-diurnal
one. The ratio b/a will be increased within the gulf and a
double tide could form at the head of the gulf when there is
no double tide at the mouth. Our aim in this paper is to inves-
tigate the extent to which this selective amplification of a tidal
harmonic, or harmonics, leads to the formation of the double
low water seen at Providence.
The Study Site and an Example of the Double
Low Water
Narragansett Bay is a partly mixed estuary, of somewhat com-
plicated shape, lying mostly in the state of Rhode Island, USA
(Fig. 2). The tide in the bay is predominantly semi-diurnal and
behaves as a standing wave (Hicks 1959). The mean depth of
the bay is 8.3 m and the distance fromNewport at the mouth to
Providence at the head is about 32 km. The resonant period
(for quarter wavelength resonance) of a gulf with these dimen-
sions is 3.94 h (Gordon and Spaulding 1987). Narragansett
Bay is close to resonance with oscillations having a period of
one-sixth of a day.
Water level data (at intervals of 6 min) are available
from the National Oceanographic and Atmospheric
Administration (NOAA) ‘Tides and Currents’ website
(https://tidesandcurrents.noaa.gov) for a number of sites
in the bay. A short record of the tide in February
2015 at Newport and Providence is shown in Fig. 3.
The rise and fall of water level is somewhat greater at
Providence than at Newport, a result of the amplification
of the semi-diurnal tide within the gulf. A double low
water is seen at Providence on the 25th. On this day there
is also a noticeable flattening of the tidal curve at
Newport, but no double low water at that location.
Inspection of longer records shows that the double low
Fig. 1 Illustration of Doodson’s
criterion. A quarter-diurnal har-
monic with amplitude equal to
one-quarter of the semi-diurnal
tide flattens the tidal curve at low
water (dashed curve labeled b/a =
0.25). Increasing the ratio to 0.4
creates a clear double low water
(solid curve). In both cases in this
example, the maximum in the
harmonic occurs at the same time
as the minimum in the semi-
diurnal tide
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water at Providence is always accompanied by a flattening
of the low tide at Newport. Double low waters are also
seen on the 25th of February at Conimicut Light and Fall
River, in the upper parts of the bay, but not at Quonset
Point, nearer the mouth at Newport (Fig. 2). The same
observation is true of the double low water seen on 23rd
May 2015, which we will come to later.
The amplification factor for a tidal constituent in a gulf,
from mouth to head and in the absence of friction, is
1/cos(kL) (Simpson and Sharples 2012, p85) where k is the
wavenumber of the constituent and L the length of the gulf.
For Narragansett Bay, the expected amplification from
Newport to Providence is 1.14 for a semi-diurnal tide, 1.84
for a quarter-diurnal tide and 13.22 for a sixth-diurnal tide. We
would therefore expect the bay to amplify the b/a ratio for
quarter to semi-diurnal tides by a factor of 1.84/1.14, or 1.61
(henceforth we will use the symbols a, b and c to represent the
amplitudes of the semi-, quarter- and sixth-diurnal compo-
nents of the tide respectively). If b/a is 0.25 at the mouth of
the bay, the selective amplification of the harmonic will in-
crease this ratio to 0.4 at the head and a flattened low tide at
Newport should become a double low water at Providence,
given that the phase is correct. Selective amplification of the
quarter-diurnal tide compared to the semi-diurnal tide, could
explain the behavior seen in Fig. 3.
Harmonic Analysis
The NOAA ‘Tides and Currents’website gives the amplitudes
of the main tidal constituents at Newport and Providence and a
selection of these, relevant to this study, has been reproduced
in Table 1. The tide at the mouth is composed of a semi-
diurnal constituent with amplitude about 0.5 m, a quarter di-
urnal constituent an order of magnitude smaller and a sixth-
diurnal tide an order of magnitude smaller again. The phasing
of the quarter-diurnal constituent relative to the semi-diurnal
tide is relevant. On average, the high water in the quarter
diurnal tide at Newport occurs 0.6 h after low water in the
semi-diurnal tide. This is close to optimal phasing for a double
lowwater (whichwould require a zero phase difference). Each
Fig. 2 Narragansett Bay, showing the positions of tide gauge stations.
This paper is principally concerned with observations at Providence and
Newport
Fig. 3 Water level at Newport
(dashed line) and Providence
(continuous) on 2 days in
February 2015. An example of
the double low water at
Providence is seen at the middle
of the day on the 25th when there
is a noticeable flattening of the
low tide at Newport
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constituent is amplified in the bay. Using the data in Table 1,
the amplification is by a factor of 1.27, 1.81, and 5.40 for the
semi-, quarter, and sixth-diurnal tides respectively. The fig-
ures for the semi- and quarter-diurnal tides are broadly in line
with the theoretical estimate given above, but the amplifica-
tion of the sixth-diurnal tide is less than half that of the theo-
retical value, we think as a result of friction acting on this
small higher frequency oscillation in the presence of larger
tidal constituents. Note also that the amplitude of the sixth-
diurnal tide at the mouth is very small, less than 1 cm.
A technique which is useful in the study of double tides is
to select an individual tidal cycle and analyze it for the ampli-
tude and phase of semi-diurnal and higher harmonics for that
particular cycle using Fourier analysis (Airy 1843; Doodson
and Warburg 1941; Godin 1993; Bowers et al. 2013). The
amplitude and phases which result will change from one tidal
cycle to another and so are not the same as the tidal constants
shown in Table 1, which can be regarded as average values
over a long time scale. Harmonics fitted to a single tidal cycle
in this way are called ‘D’ components (Pugh 1987); for ex-
ample, the semi-diurnal curve with period 12.4 h is the D2
component, the quarter-diurnal curve, the D4 component, and
so on.
The result of this analysis for a single tidal cycle starting at
high water on the 25 February 2015 is shown in Fig. 4. The
flattening of the tidal curve at Newport in this cycle is pro-
duced by a relatively large D4 component which has a max-
imum shortly after the low tide in the D2 component (Fig. 4a).
For this cycle, the ratio, b/a, of the amplitudes of D4 and D2 at
Newport is 0.298 (Table 2) which is greater than the critical
value of 0.25 needed for the production of a double low water
when the phase is optimal. No clear double low water is seen
at Newport on this occasion, though, because the phasing is
not quite optimal: the maximum in D4 in this case is about
30 min after the minimum in D2.
At Providence (Fig. 4b), the D4 component of the tide has
been amplified relative to D2 and b/a has increased to 0.470
(Table 2). The D4 component of the tide is now nearly half the
size of the D2 component and, as a result a clear double low
tide is produced at Providence.
Applying this analysis to all days from the first 6 months of
2015 (a total of 336 tidal cycles; Fig. 5 and Table 3) confirms
that b/a is increased from the mouth to the head of the bay by
55% on average (somewhat less than the theoretical 61% but
friction operates in the real bay). Narragansett Bay serves as
an amplifier for the b/a ratio. On average, a value of b/a of
0.25 at the mouth will be increased to 0.38 at the head and a
flattened tidal curve at low water at the mouth will be turned
into a double low water at the head of the bay, as we sketched
in Fig. 1. We would therefore expect to see a double high tide
at Providence on days when the b/a ratio at Newport equals or
exceeds a value of about 0.25 and the quarter diurnal tide has
the right phase relative to the semi-diurnal tide.
The ratio of D4 to D2 amplitudes at Newport varies with
the spring-neap cycle and is greatest at times of smaller tidal
range. This is somewhat surprising (higher harmonics pro-
duced by shallow-water effects tend to increase in amplitude
more quickly than that of the semi-diurnal tide). The behavior
at Newport may have to do with the movement of the semi-
diurnal amphidrome over the spring-neap cycle (Pugh 1981)
or with frictional damping of the higher harmonic outside the
bay at higher tidal ranges. It is also the case (although we do
not show it for brevity’s sake) that the b/a amplification within
the bay gets less as the tidal range increases. So, for both
reasons, we expect the formation of a double low water to
favour neap tides. Fig. 6 shows the semi-diurnal amplitude
and the ratio b/a at Newport during the first six months of
2015. Also marked are the occurrences of double low waters
at Providence produced by the D4 and D2 tides alone. It is
noticeable that these favour neap tides.
Of course, Narragansett Bay is not unique or even special
in amplifying D4 more than D2. Any coastal bay with a nat-
ural period closer to 6 h than 12 will do this. What is special
about Narragansett Bay is that the b/a ratio at the mouth is
unusually large—rising to 0.25 quite frequently and the phase
is often just right for producing a flattening at low water. An
amplification of b/awithin the bay then turns the flattened low
water at Newport into a double low water at Providence.
Table 3 includes the value of the coefficient of determina-
tionR2 for the regression of the amplitude of a tidal constituent
(or harmonic) at Providence on the amplitude of the same
constituent (or harmonic) at Newport. There is a good corre-
lation for D2 and D4, which is consistent with these constitu-
ents being amplified in the bay. The correlation for D6, how-
ever, is low. The amplitude of D6 at Newport is very small
(Table 3), and the poor correlation between D6 at Providence
and Newport suggests that the D6 component of the tide is not
behaving in the same way as D2 and D4. The D6 tide at
Table 1 NOAA tidal constituent amplitudes at Newport and Providence
Newport Providence Observed amplification Theoretical amplification
M2 amplitude, a (m) 0.505 0.643 1.27 1.14
M4 amplitude, b (m) 0.057 0.103 1.81 1.84
M6 amplitude, c (m) 0.005 0.027 5.40 13.22
Amplitude ratio b/a 0.11 0.16
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Providence is not just an amplified version of that at Newport.
We think that, instead, most of the D6 signal at Providence is
produced within the bay. This is something we enlarge on in
the next section.
The Importance of Higher Harmonics
Of the 336 tidal cycles in the first 6 months of 2015, 73 exhibit
a double low water at Providence that would satisfy a visual
inspection. Of these, however, only 13 are produced by D2
and D4 tides alone: that is by the b/a amplification mechanism
described in the last section (Fig. 6). In the remaining 60 cases,
the relative amplification of the quarter diurnal tide in the gulf
serves only to flatten the tidal curve at lowwater at Providence
and then a higher frequency oscillation acts to create a double
low water. An example, from the 23 May 2015, is shown in
Fig. 7a, in which there is a flattening of the tidal curve at
Newport and a double low water at Providence which is not
accounted for by D2 and D4 components alone.
For the tidal cycle shown in Fig. 7a, b/a is 0.218 at
Newport and 0.295 at Providence (Table 4). The difference
between the observed tide at Providence and the sum of the
fitted D2 and D4 curves has the form of a sixth-diurnal
oscillation. In the 12.5-h cycle shown in Fig. 7b, the ob-
served sea level performs three complete oscillations about
the fitted curve. The sixth-diurnal (D6) curve that best fits
this residual oscillation has been added to this figure. It is
quite small in amplitude (only about 10 cm) but,
superimposed on a flattened tidal curve at low water, it is
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Fig. 4 a Analysis of the tidal
curve at Newport starting at high
water on 25 February 2015. The
solid black line is observed water
level, the long-dashed line is a
fitted semi-diurnal (D2) curve, the
short-dash line is the fitted
quarter-diurnal (D4) curve and the
grey continuous line is the sum of
the two fitted curves. b Analysis
of the tidal curve at Providence
starting at high water on 25
February 2015. The line styles are
the same as Fig. 4a. The greater
amplification of the D4 harmonic
compared to D2 has created the
double low water at Providence
Table 2 Tidal component amplitudes, for the first tidal cycle (starting at
high water) on 25 February 2015
Newport Providence Observed amplification
D2 amplitude, a (m) 0.453 0.529 1.17
D4 amplitude, b (m) 0.135 0.248 1.84
Amplitude ratio b/a 0.298 0.470 1.58
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sufficient to produce a dip, a rise and then a second dip—a
double low water in the tidal curve at Providence.
There is no significant sixth-diurnal component to the tide
at Newport on this day. Figure 7a shows that the tide at
Newport is well represented by D2 and D4 components alone;
the amplitude of the fitted D6 component (not shown) is about
4 mm. The D6 oscillation present at Providence has instead
been created within the bay. The resonance period of
Narragansett Bay is about 4 h—or one sixth of a day—so
the bay will oscillate naturally at this period in response to a
variety of forcing. Varying wind stress, for example, will pro-
duce transient oscillations in the bay with sixth-diurnal period.
In addition, the action of quadratic bed friction on the semi-
diurnal tide (or a mixture of semi- and quarter-diurnal tides)
produces a force with sixth-diurnal period (Pugh 1987, page
238). Such a force, acting periodically on the water in the bay,
will produce an oscillation in sea level with a period of 4 h.
To summarize matters to this point, we have identified two
ways of creating a double low water in Narragansett Bay. The
first is by selective amplification of the D4 tide to the point
where the sum of D4 and D2 tides at Providence is sufficient
to make a double low water. This happens when the b/a ratio
at Newport reaches its largest values (about 0.25) and is am-
plified to 0.4 or so at Providence. This mechanism is seen at
small neap tides.
In the second mechanism, a lower value of b/a at Newport
(of order 0.2 or perhaps a bit less) can be amplified to produce
a low tidal curve at Providence with an extended period of
flattening. A small high-frequency oscillation added to this
will then produce a double-dip low tide. This oscillation is
likely to have a period of 4 h, since that is the resonant period
of the bay, and it can have a variety of causes.
Spectral analysis of a 3 year record of water level at
Providence, kindly made available by A. Valle-Levinson
shows the time-variations in the D4 and D6 amplitudes at
Providence. The amplitude of the D4 component of the tide
generally follows that of D2, increasing and decreasing with
the spring-neap cycle. The amplitude of D6 also increases at
spring tides (as we would expect if it is created by the friction
effect mentioned above), but there are occasional spikes in the
amplitude of D6 when the tide is small. Our tentative interpre-
tation of these observations is that the sixth-diurnal oscillation
in Narragansett Bay is produced within the bay by a mixture
of tidal and non-tidal effects. The fact that the natural period of
the bay is close to 4 h means that any small disturbance will
produce an oscillation with this period.
A Quantitative Measure of Double Tides
When studying the conditions under which double low waters
form, it is helpful to identify a measure, preferably based on
observations, of the presence and strength of the phenomenon.
One way to do this is to consider the rate of change of water
Fig. 5 Ratio (b/a) of amplitudes
of D4 and D2 tidal constituents at
Providence and Newport. The
ratio is amplified within
Narragansett Bay by a factor of
1.55 on average
Table 3 Mean tidal component amplitudes, January–June 2015
Newport Providence Observed amplification R2 for regression of Providence on Newport
D2 amplitude, a (m) 0.529 0.629 1.19 0.99
D4 amplitude, b (m) 0.070 0.125 1.79 0.88
D6 amplitude, c (m) 0.013 0.045 3.46 0.17
Amplitude ratio b/a 0.134 0.208
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Fig. 7 a Tidal curve for a single
tidal cycle starting at high water at
Newport on 23 May 2015. The
black line is the observed tide and
the grey line the sum of fitted D2
and D4 components. b A double
low water at Providence for the
tidal cycle on 23 May 2015, in
which the presence of a sixth-
diurnal tide is an essential ingre-
dient. The continuous black curve
is the observed sea level, and the
continuous grey curve shows the
sum of D2 and D4 harmonics,
which produce a flattened tidal
curve for a period of over 3 h at
low water. The dashed curve is
the sixth-diurnal D6 harmonic
fitted to the difference between
the black and grey curves
Fig. 6 Semi-diurnal tidal
amplitude (labeled a) and ratio of
quarter- to semi-diurnal ampli-
tudes (b/a) at Newport during the
first half of 2015. The black
points show the occurrences of
double low tides at Providence
produced by D4 and D2 tides
alone. They favour neap tides
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level, dη/dt, for a period after the first (or only) low tide and
before the subsequent high water: that is during the rising tide
(Fig. 8). In the case of a single low tide, dη/dt will always be
positive during this period. If there is a stand in the water level
after low water, dη/dt will equal to 0 at this point. If there is a
second low water after the first, then dη/dt will become neg-
ative just before this second low water occurs.
To establish the presence of a second low water, we there-
fore determine the minimum value of dη/dt during a period
between t1 and t2 hours after the first (or only) low water. We
define a quantity M which is the value of this minimum dif-
ferential, normalized by the amplitude of the D2 tide, that is
M ¼ − 1
a
min
dη
dt
 t2
t1
ð2Þ
The negative sign is inserted for convenience: when a dou-
ble low water is present and so the differential becomes neg-
ative, thenM > 0. Themore pronounced the double low water,
the more negative the gradient becomes, resulting in a larger
(positive) value ofM. In choosing values of t1 and t2, we want
to start after the time of the first low tide (when the gradient
will be zero by definition) and to finish at a time which is after
a possible second low water but is before the subsequent high
water. Values of t1 = 0.5 h and t2 = 4 h were used in the cal-
culation ofM and the results are expressed in units of hours−1.
To give a sense of the magnitude of M, the values at
Providence on the 25 February and 23 May 2015 (the days
of the double low waters illustrated in Figs. 4b and 7b) are
0.134 and 0.145 h−1, respectively.
We have calculated the value of M at Providence for all
tidal cycles in the first 6 months of 2015 and tested its depen-
dence on the ratio b/a of quarter-to semi-diurnal tides at
Newport and the phase (relative to D2) of the D4 harmonic
at Newport. On average, M becomes positive and a double
low water is seen at Providence when b/a at Newport reaches
a value of 0.19 (Fig. 9). However, there is a lot of scatter in this
plot and positive values ofM are seen at much smaller values
of b/a (and vice versa).
Some of this scatter is explained by the phasing of the D2
and D4 tides at Newport. The phase difference ∅ is defined
here as the delay, in hours, between low water in the D2 tide
and the following high water in the D4 tide (both at Newport;
∅ is negative if the high in D4 occurs before the low in D2 and
positive in the more usual case of the high in D4 following the
low in D2). A phase difference of 0 is optimal for the produc-
tion of double low waters. Multiple regression of M at
Providence on b/a and phase ∅ at Newport gives the result
MP ¼ −0:205þ 1:52 b=að ÞN−0:126∅ ð3Þ
In which the subscripts P and N refer to Providence and
Newport respectively. Equation 3 explains 50% of the vari-
ance inM. Fig. 9 shows howM increases with the value of b/a
at Newport and decreases as the phase difference ∅ moves
away from zero. When the D4 high water at Newport coin-
cides exactly with the low water in the D2 tide, ∅ = 0 and,
according to Eq. 3, a double low water is possible in the gulf
when b/a at Newport exceeds a value of 0.205/1.52 or 0.14.
The data in Fig. 9 suggests that it is possible forMP to exceed
0 at values of b/a at Newport as small as this.
To summarize matters to this point, a double low water at
Providence can be produced by the amplification of the ratio
b/a of the amplitudes of quarter and semi-diurnal tides in
Fig. 8 The presence and strength
of a double low water can be
quantified by considering the
minimum value of the rate of
change of water level with time
(dη/dt) over a period from shortly
after the first low water (t1) up to a
time (t2) before the subsequent
high water. If dη/dt goes negative
between these times it indicates
the presence of a second low
water
Table 4 Tidal component amplitudes for a single tidal cycle on 23
May 2015
Newport Providence Observed amplification
D2 amplitude, a (m) 0.505 0.563 1.11
D4 amplitude, b (m) 0.110 0.166 1.51
Amplitude ratio b/a 0.218 0.295 1.35
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Narragansett Bay. When this happens, a value of b/a of about
0.25 at Newport is amplified to a value of about 0.4 at
Providence. A flattened low-tide curve at Newport then be-
comes a clear double low water at Providence. Alternatively,
an oscillation with a period of 4 h or so (the resonant period of
the bay) can create the double low water at Providence. In this
case, a lower value of b/a at Newport (as low as about 0.14)
produces a flattened low tide at Providence and the 6th-diurnal
oscillation, acting on the flattened low tide, produces the dou-
ble low water seen at Providence.
Discussion
The phenomenon of double high and double low waters in the
semi-diurnal tide is included, mostly as a curiosity, in several
classic text books on tides. The common explanation offered
is that a double tide is created by the addition of higher har-
monics to the main tide. This provides a mathematical model,
but it leaves a physical explanation wanting. How is the higher
harmonic created with the right amplitude and phase to pro-
duce the double tide? As an illustration of the limitation of a
purely mathematical description, the double low water at
Providence is not always predicted by the mathematical mod-
el. The NOAA tidal analysis for Providence correctly predicts
the double lowwater on 25 February 2015 shown in this paper
but not the one on the 23rd of May in that year. There are not
enough harmonics in the analysis to allow for the variation in
amplitude of the quarter- and sixth-diurnal tides in
Narragansett Bay.
Special conditions are needed for the creation of a double
high- or low-water in the semi-diurnal tide. In the case of
Narragansett Bay, three features contribute to the production of
the double low water. The first is the unusually large quarter-
diurnal tide at the mouth. The amplitude of this component reg-
ularly rises to 25% (ormore) of that of the semi-diurnal tide at the
mouth and it has the right phase for the production of double low
waters. We have not seen a double low water at the mouth of the
bay in the data examined for this paper, but there is often a
flattening of the lowwater curve therewhich is the trigger needed
Fig. 9 a The parameter M (Eq. 2
in text) for Providence plotted
against the ratio b/a at Newport. A
value ofM greater than or equal to
0 indicates the presence of a
double lowwater at Providence. b
M at Providence plotted against
the phase difference of D2 and D4
tides at Newport. A phase
difference of 0 is optimal for the
production of double low waters.
The phase difference is the time
delay in the high water in D4 after
the low water in D2
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to create the double low water at Providence. Secondly,
Narragansett Bay amplifies the quarter-diurnal tide to a greater
extent than the semi-diurnal tide. Thirdly, the natural period of
the bay is about 4 h, or one-sixth of a day. Motions which have
this period, created for example by the action of quadratic friction
on the semi-diurnal tide or by wind-driven seiches, are enhanced
within the bay. Occasionally, a double low water is created at
Providence by the first two of these features alone, but more,
commonly, all three are needed. It is surprising how small an
oscillation, added to a flattened tidal curve at low water, can
produce a double low water that satisfies a visual inspection.
We have examined the relationship between the occurrence
of double lowwaters in Narragansett Bay and the wind record.
Wind strength and direction data are available from NOAA.
Some of the double low waters at Providence are associated
with a period of strong winds, or a sudden change in wind
strength, conditions that we can anticipate would produce a
seiche in the bay. However, there are many occasions when
the wind is strong and variable and there is no evidence of a
double low water. Conversely, there are double low waters
when the wind is not doing anything special. The result of this
test is therefore inconclusive. We cannot at present offer a
clear mechanism, always applicable, for the production of
the D6 oscillation at Providence.
The amplification of b/a in the bay, however, is an unambig-
uous physical mechanism and certainly works to produce a dou-
ble low water on its own some of the time (and, augmented by a
higher frequency oscillation, all of the time). It would be inter-
esting to know if the selective amplification of tidal harmonics in
a coastal embayment produces double high-or low-waters in
other locations. It is possible that the mechanism contributes to
the formation of the double high water at Southampton, for ex-
ample, which lies at the head of a coastal inlet (Southampton
Water). In the open ocean, it is possible to look for the conditions
under which double tides might form using tidal models in-
formed by satellite altimetry, but this method cannot be applied
to small coastal bays. Instead, it will be necessary to analyze
observations of water level. The quantitative test for a double tide
(Eq. 2) proposed here, will help to speed up this analysis.
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